Two shear deformable ®nite element models, one based on ®rst-order shear deformation theory and the other based on a higherorder shear deformation theory, are developed for buckling analysis of skew laminated composite and sandwich panels. The procedure involves the development of transformation matrix between global and local degrees of freedom for the nodes lying on the skew edges and suitable transformation of element matrices. The accuracy of the present models is demonstrated by comparing with alternative solutions available in the literature. Extensive numerical results are presented for critical buckling loads of angle-ply and cross-ply skew laminates with various lamination parameters, boundary conditions and width-to-thickness ratios. New results on skew sandwiches, hitherto not reported in the literature, are obtained for dierent geometric parameters and skew angles. Ó
Introduction
Fibre-reinforced composite materials due to their high speci®c strength and stiness are becoming increasingly used in weight-sensitive applications of aerospace and ship building industries. It is well known that skew or oblique plates made of these materials are important structural components of ship hulls and swept wings of aeroplanes. Buckling is one of the primary modes of failure of these elements when they are subjected to in-plane loads. Thus the stability analysis of such plates is of interest to the designers. The complicating factors in the analysis of skew plates is the nonorthogonal co-ordinate system to be used in the derivation of governing dierential equations and ®nding the solution to these coupled equations. Since there is no exact solution to these equations and associated boundary conditions, numerical methods such as ®nite element method, ®nite dierence method, Rayleigh±Ritz method, etc. are natural choices upon which one can obtain a conceptual understanding of this important structural mechanics problem.
Considerable amount of literature on the buckling of isotropic and orthotropic skew plates exists. It appears that Anderson [1] is the ®rst person to investigate the buckling problem of an isotropic skew plate. He has used energy method and presented results for dierent aspect ratios of skew plates. Guest [2] has reported on the buckling of clamped isotropic skew plates subjected to uniaxial compression. Wittrick [3±5] has investigated the buckling problem of rhombic simply supported and clamped plates with a skew angle of 45°under orthogonally compressive and shear loads. He has employed ®nite dierence method in his investigations. Later the stability analysis of isotropic and orthotropic plates are carried out by many researchers [6±14] for various loading and boundary conditions. All of the studies stated above are based on classical plate theory, with the exception of the one by Kitipornchai et al. [14] in which the ®rst-order shear deformation plate theory is adopted for studying the buckling problem of isotropic thick skew plates.
Compared with the literature on isotropic and orthotropic skew plates, very little is reported on buckling analysis of skew composite laminates and sandwiches. Probably the ®rst comprehensive work on the buckling of skew composite laminates is the one by Reddy and Palaninathan [15] . The authors have employed a triangular ®nite element based on classical laminate plate theory. The results are presented in graphical form. Navin Jaunky et al. [16] combined with a variational formulation and a ®rst-order shear deformation theory (FSDT) , to analyze the buckling of arbitrary quadrilateral anisotropic plates with dierent boundary conditions. Recently, Wang [17] has employed the B-Spline Rayleigh±Ritz method based on ®rst-order shear deformation theory to study the buckling problem of skew composite laminates. Numerical results are presented for composite laminates subjected to in-plane compressive and shear stresses. But in obtaining the numerical results, standard material properties are not considered as equal shear moduli are taken for the lamina in all the three orthogonal directions. It is observed that buckling analysis of composite laminates with shear deformable ®nite elements is not attempted so far and also to the best of the authors knowledge, there is no paper in the open literature dealing with the buckling problem of skew sandwich panels.
In the present work, two C°continuous shear deformable ®nite element formulations are presented for the buckling analysis of skew laminated composites and sandwiches. One of the two models is based on the Reissner±Mindlin ®rst-order theory and the other is based on a higher-order theory developed by Kant and co-workers [18±22] . In the present higher-order formulation, the higher-order terms of displacements and rotations in the Taylor's series expansion of in-plane displacements are taken into account. Accuracy of the present models is veri®ed against the literature values for isotropic and composite skew plates. Some new results are presented for skew composite laminates and sandwiches using standard material properties available in the literature.
Theory

Displacement-models
The two shear deformation theories considered for investigation in the present work are based on the assumption of the displacement ®elds in the following form. The continuum displacement vector at the mid-plane can thus be de®ned as:
Stress±strain relationship
If the transverse stress and strain are neglected, the stress±strain relations for the Lth lamina in the laminate co-ordinates (x, y, z) are written as are the stress and the strain vectors, receptively. ij 's are the plane stress reduced stiness coecients. The transformation of the stresses/strains between the lamina and laminate co-ordinate systems follows the usual stress tensor transformation rule. It may be noted that the formulation given in the rest of the paper is based on HOST and the formulation corresponding to FOST is obtained from that of HOST by truncating the terms corresponding to the higher-order displacement degrees of freedom. 
Note that the ®ve generalized strain components are expressed in terms of 33 strain components (" e). Each of the components of strain vector, " e has linear/or nonlinear parts which can be expressed in terms of midplane displacement components.
The potential energy, P of the plate can be expressed as
where, p is the vector of in-plane mechanical loads and
The stress resultants in Eq. (9) are de®ned as follows: 
After integration, these stress resultants are written in matrix form as
and D are the membrane,¯exural, membrane±¯exural coupling and shear rigidity matrices, respectively.
Finite element formulation
Let the region of the plate be divided into ®nite number of quadrilateral elements. The continuum displacement vector within an element is discretized such that
where x i is the shape function of node i, NN is number of nodes in an element and u i is the generalized displacement vector corresponding to the ith node of an element. The above relation is expressed in matrix form as
N is element shape function matrix and d is element nodal displacement vector. The components of strain vector, " e can be expressed in terms of nodal displacement vector, d as
where, B o and B v are linear and non-linear strain±dis-placement matrices. Substituting for " e from Eq. (17) in Eq. (8) and then minimization of potential energy gives
where, NE is the number of elements. K e o and K e g are the linear and geometric element stiness matrices and R is the element load vector. These matrices are constructed using the standard procedure [23] as,
where, S is the stress resultant matrix.
Skew boundary transformation
For skew plates supported on two adjacent edges, the edges of the boundary elements may not be parallel to the global axes (x, y, z). In such a situation, it is not possible to specify boundary conditions in terms of the global displacements u o , v o , w o , etc. In order to specify boundary conditions at skew edges, it becomes necessary to use edge displacements u (Fig. 1) . It is thus required to transform the element matrices corresponding to global axes to local edge axes with respect to which the boun-dary conditions can be conveniently speci®ed. The relation between the global and local degrees of freedom of a node can be obtained through the simple transformation rules [23, 24] and the same can be expressed as
in which d i and d l i are the generalized displacement vectors in the global and local edge coordinate system, respectively of node i and they are de®ned as
The node transformation matrix for a node i, on the skew boundary is 
in which cos W and s sin W, where W is skew angle of the plate. It may be noted that for nodes which are not on lying on skew edges, the node transformation matrix consists of all elements being zero except the principal diagonal elements which are equal to unity. Thus for the complete element, the element transformation matrix is written as,
in which the number of L g matrices are equal to the number of nodes in the element. For those elements whose nodes are on the skew edges, the element matrices are transformed to the local axes using the element transformation matrix, e . After the transformation of element matrices, Eq. (18) is expressed as
where
g T e and R 1 T T e RX 25 Eq. (24) is solved in two stages. In the ®rst stage, the geometric stiness matrix is neglected and stress analysis is performed to determine the stress resultants. These stress resultants are used to compute geometric stiness matrix in the second stage and then the stability problem is solved as an eigenvalue problem as
in which, K o and K g are the assembled linear stiness and geometric stiness matrices, respectively. The subspace iteration method [25] is used to solve the eigenvalue problem.
Numerical results and discussion
Computer programs are developed based on the foregoing ®nite element models to solve a number of numerical examples on buckling of skew composite laminates and sandwiches. A 6´6 skew mesh of 16-noded element is used in computations. This scheme is arrived at on the basis of convergence study in which the critical buckling load converges monotonically from a higher value. The details of the convergence study is not presented here for the sake of brevity. The selective integration scheme, namely 4´4 Gauss±Legendre for membrane,¯exure, membrane±¯exure and 3´3 for shear contributions of energy, is used for thin laminates (a/h > 20, h ± thickness of plate) and a full (4´4) integration scheme is used for thick laminates. All the laminates considered are assumed to have an aspect ratio of a 1, though the general case a ¹ b can also be studied without any diculty. In all the computations of FOST model, a shear correction factor of 5/6 is used.
The accuracy of the present ®nite element formulations is evaluated ®rst for isotropic and composite skew plates with the available literature results. Subsequently, some new results are presented for laminated composite and sandwich skew plates subjected to uniaxial compression. The buckling loads are expressed in terms of non-dimensional parameter, k " x x 2 ai 2 h 3 . Two types of simply supported boundary conditions, SS1 and SS2 are used (Table 1 ). The notations used in the tables below for boundary conditions SSSS and CCCC represent all edges are simply supported and clamped, respectively. The following sets of material properties are used in numerical studies. 
in which i f 2 refers to that of face sheets.
Isotropic skew plates
Critical buckling loads of isotropic thin ah 1000 and thick ah 10 skew plates subjected to uniaxial compression are determined for both simply supported and clamped boundary conditions. The buckling loads are evaluated in non-dimensional form, expressed as u cr " x x 2 ap 2 h, where " x x is the critical buckling load, h ih 3 a121 À m 2 and E is the Young's modulus. Poisson's ratio, m is taken as 0.3. The results are presented in Table 2 along with the other literature results for four dierent values of W 0°, 15°, 30°and 45°. It is to be noted that the solutions of the present FOST and HOST models match well with the literature results.
Angle-ply skew laminates
Angle-ply skew laminates with symmetric and antisymmetric lay-ups are considered in this section. Results are presented showing the eects of skew angle, various lamination parameters such as number of layers, ®bre-orientation angle and boundary conditions on critical buckling load.
Antisymmetric laminates
Simply supported (SS1) and clamped skew laminates [(45/-45/F F F)] having ah 10 are analyzed. Plates with 2, 4, 12 layer lay-ups are considered. The material properties of each layer are i 1 ai 3 40, E 2 E 3 , G 12 G 23 G 13 0.5E 3 , m 12 m 23 m 13 0.25. The solutions of present formulations along with those obtained by Wang [17] using Rayleigh±Ritz method (RRM) with FSDT is given in Table 3 . It is to be noted that the results of FOST and RRM match well for all the lay-ups considered. But the results of these two models are higher in comparison to that of HOST for two and four layer laminates. The dierences may be due to the assumption of an arbitrary value of 5/6 for shear Table 1 Details of boundary conditions for laminated skew plates and sandwiches
Boundary
Model Simply Supported Fixed SS1 SS2 Figs. 2 and 3 show the variation of buckling load parameter, k with ®bre-orientation angle and number of layers for simply supported (SS2) thin ah 1000 and thick ah 10 skew laminates (material 1). These results are obtained with FOST and HOST models for thin and thick plates, respectively. It is observed that the present thin plate solutions has shown good agreement with the ®nite element solutions of Krishna Reddy and Palaninathan [15] for all values of h`60°in which the buckling mode shape is (m 1, n 1). For h P 60°, when mode shape changes from (1,1) to (2,1) or (3,1), their results are higher to the present results and the dierences increase with increasing skew angles. The reason for this may be due to employing a coarse mesh of 4´4 in their numerical computations. The authors have determined buckling load ratios, 1 fk h0 ak h90 g and it is shown that for plates with W 45°, a 1 0.787. The value of a 1 obtained based on the present fully converged buckling loads is 1.52. Thus their observation that skew plates with W 45°has more buckling strength for 90°lamination than for 0°l amination is not correct and the present results clearly establish that skew plates with h 0°®bre-orientation has signi®cantly higher buckling strength than the ones with h 90°®bre-orientation. It may be noticed that the buckling load factor of both thin and thick skew laminates increases with the increase in number of layers and eventually, the behaviour of laminates tend to be that of orthotropic homogeneous one for very large layers. The buckling load factor of both thin and thick laminates increases as the skew angle of the laminates increases. But the increase is small in thick plates because of the eect of large transverse shear¯exibility. The attractive feature of composite laminates, the ®bre-orientation eect (increase in k with h) is seen to increase with the increase in skew angle for thin laminates. However, in case of thick laminates, this eect is more or less remain same for plates with W 0°, 15°, 30°and then decreases for plates with W 45°.
Symmetric laminates
Critical buckling loads of 3-layer ha À hah and 7-layer [ha À haha À " h s ] regular symmetric skew laminates (material 1) having ah 10 are determined. The numerical results are presented in Tables 4 and 5 for the respective SSSS (SS2)and CCCC laminates for four ®-bre-orientations, i. e., h 0°, 15°, 30°and 45°. No direct comparative solutions are available in the literature. It is observed that FOST results are slightly lower than HOST results for h 0°. For other values of h, FOST results are higher than HOST results. The dierences between the FOST and HOST solutions are small for 7-layer laminates. In general bucking load factors increase with the skew angle with the exception of 3-layer laminate with h 15°, in which the buckling load initially decreases as W increases from 0°to 15°and thereafter increases with W. The eect of boundary conditions is seen to reduce as the skew angle increases.
Cross-ply skew laminates
Only symmetric laminates are considered and antisymmetric laminates are not considered as true bifurcation buckling can not physically occur for such laminates. Symmetric skew laminates (material 2) having ah 10 and made up of 3, 5 and 9-layer lay-ups are analyzed. The outer layers of all the laminates are of zero degree lamina and the thickness of middle layer is twice that of other layers. Numerical results are recorded in Table 6 for both SSSS (SS1) and CCCC support conditions. The solutions of both FOST and HOST match well for simply supported skew laminates. For clamped plates, the results of FOST are slightly lower to that of HOST with a maximum deviation of about 5%. Fig. 4 (a) and (b) show the eect of span to thickness ratio on the critical buckling load of 3-layer skew laminate for SSSS and CCCC support conditions, respectively. The critical buckling load parameter decreases, i.e. the eect of transverse shear deformation increases with the increase of thickness. It is seen that the eect of transverse shear deformation increases with the skew angle for both SSSS and CCCC laminates. The increase is more pronounced in CCCC laminate. The eect of boundary conditions and skew angle decreases as the thickness of laminate increases.
Skew sandwiches
Sandwich skew panels comprising of cross-ply composite face sheets and honeycomb central core (material 3) are considered here. The ®bre-orientation of the layers of the bottom face sheet is [0/90] 5 , with the ®bres of the bottom layer making 0°with x-axis. The layers of the top face sheet are positioned, with respect to the sandwich middle surface (z 0), so as to make the sandwich lamination orientation symmetric. Numerical results are presented in Table 7 for simply supported (SS1) panels for four dierent values of W 0°, 15°, 30°a nd 45°. Two parameters, ah and h f ah are varied, where h f is thickness of face sheet. For validation of the present models, the 3-D elasticity solution results [26] are also given for panels with W 0°. It may be noted that the results of HOST match well with 3-D elasticity 
Concluding remarks
Two C°isoparametric ®nite element formulations, one based on ®rst-order shear deformation theory and the other based on a higher-order shear deformation theory, are presented for buckling analysis skew ®bre-reinforced composite and sandwich laminates. By the use of transformation matrices for the nodes lying on the skew edges, the general ®nite element formulation in orthogonal co-ordinates is extended to the analysis of skew plates. The accuracy of the present formulations is evaluated with the available results in the literature. Numerical results are presented for isotropic, anisotropic and sandwich plates with skew geometries.
The sensitivity of the buckling coecient to the variations in skew angle, width-to-thickness ratio and boundary conditions is studied. The in¯uence of skew angle on buckling coecient is more pronounced as the skew angle increases and this in¯uence is more signi®-cant in thin plates than in thick plates. In thick laminates, the transverse shear deformation eect is signi®cant and this eect increases with increasing skew angle. The results also show that in case of composite laminates the dierences in predictions of ®rst-order Table 7 Buckling load parameter, k for simply supported skew sandwiches with composite cross-ply face sheets theory and higher-order theory are small. However, for sandwiches the ®rst-order theory in comparison to higher-order theory overestimates the buckling load with signi®cant margin and the dierences increase as the skew angle increases. It is believed that the present results on skew sandwiches are ®rst of its kind and it is hoped that these results may serve as benchmark solutions for other researchers to validate their numerical techniques.
